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Introduction
Consider the impulsive functional differential equation

x'(t) = f(t,x,), tEt t>t, W
Ax = I (¢, (x: ), t=t,kezt
Where fi]XPC >R Ax =x(t) —x(t7),tg <ty <ty <tpyqr <

-+, Witht, > oask—>« and [;:J]xS(p)—->R", where ]=[t; =),

S(p) ={x € R:|x| < p}.PC = PC([-7,0],R™) denotes the space of

piecewise right continuous functions ¢:[—7,0] > R"® with sup-norm

gl = sup_ <ol @(5)| and the norm ligll, = (2, lo(s)[2ds) "> where T is

a positive constant, ||.|| is @ norm in R™.x, € PC is defined by x.(s) =

x(t + 5) for =7 < s < 0.x'(t) denotes the right-hand derivative of x(t).Z*

is the set of all positive integers,

Let f(¢t,0) = 0 and J(0) = 0, then x(¢t) = 0 is the zero solution of (1). Set

PC(p) ={p € PC:|l¢ll- < p},Vp > 0.

Definition 1.1

Let o be the initial time, V o € R, the zero solution of (1) is said
to be

a) stable if , for each ¢ > t, and € > 0, there is a § = §(a,€) > 0 such
that , for ¢ € PC(8), a solution x(t, g, @) satisfies |x(t, o, )| < € for
t > to.

b) uniformly stable if it is stable and § in the definition of stability is
independent of o

c) asymptotically stable if it is stable and, for each t, € R, there is an
1n =n(ty) > 0 such that, for ¢ € PC(n),x(t,0,9) > 0ast >

d) uniformly asymptotically stable if it is uniformly stable and there is an
n>0 and , for each € >0, a T=T(¢) >0 such that , for ¢ €
PC(), |x(t,o,p)| <efort=ty+T

Definition 1.2

A functional V (¢, ¢):] x PC(p) — R, belong to class v,(.) (a set
of Liapunov like functional) if

a) V is continuous on [t,_q,t,) X PC(p) for each k € Z,, and for all
@ EPC(p) and k € Z,, the limit lime )0y V(E @) =V (™, @)
exists.

b) Vs locally Lipchitzian in ¢ in each set in PC(p) and V(t,0) = 0 The
set R is defined by R ={W e C(R,,R,): strictly increasing and
w(@)=0

Main Results

Theorem 1

Assume that there exist V; V, € vy(.), Wy, Wy, W3 W, € R such
that

L Wi(le(0)D) < V(t, @) < Wy(lp(0)),where V(t, @) = Vi(t, @) + V,(t, ¢)

N V(ty, x+L(t,x)— V(te,x) <0
N aVi(tx)+bVy(t,x) < —A®) Wy (inf {Ix(s)l:t—h <s<t})
V.  pVi(tx) +qVy(tx) <0

where a? +b? # 0, p?+q° # 0and fowl(s) ds =
(A) Suppose further that there is a pu=u(y) >0 foreach 0< y<
H, such that
lev(t’ xe) + qVé(t’ X)) < —u Vlv(t: x) 2
if lx(t)| = y.Ifeither (i) a > 0,b >0 or (ii)p=0,q
> 0 hold, then the zero solution of (1)is uniformly and asymptotically stable.
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(B) The same is concluded if
pVi(t,x) + qVy(t,x) < uVi(t,x,)
holds in place of (2) and if either (i) a > 0,b
> 0or (ii)p > 0,q > 0.

Proof

We first prove the uniform stability. For given
& > 0,we may choose a § = §(¢) > 0 such that W,(8) <
w; (). For any
o = tgand @ € PCs, let x(t, o, ¢)be the solution of (1).
We will prove that

lx(t,0,0) <, t=>o
Let x(t) = x(t,0,¢) and V1 (t) = Vi (¢, x), Vo (¢) =
V,(t, x.) and V(t) = V(t, x;).
Then by assumption (iv),
V(t,x)<0, o<t <t<t,, kez*

and so V(t) is non increasing on the interval of the form
[tr_1,tx). From condition (ii)

V(ty) = V() = V(& x(ti) + L (b, x(t)) =

V(e x(t) <0

Thus V(t) is non increasing on [g, ). We have

Wi(x(@®D < V(@) < V(o) £ Wy(0) < Wy (e),

t=zo
This implies with the monotonicity of Wy,|x(t)| < € for
t =0 and so that the zero solution of (1) is uniformly
stable.
To show asymptotic stability, for a given t, € R, and a
fixed 0 < Hz < Hl, take n= T](to) = S(to,Hz) > 0, where
§ is that in the definition of stability and for a given
@ € PC(n), let x(t) =x(t,0,9) be a solution of (1).
Suppose for contradiction that x(t) » 0 as t = oo, Then

there is a sequence {T;} and an g, > 0 with T; - oo and
[x(T})| > &y. Define g, = Wz‘l(@) then there is a
sequence {s;} with s; = o and |x(s;)| < g,. Otherwise
there is an S > t, such that

|x(t)| = ¢, fort = S and

avy(t) + bv,(t) <

avy(S+h) + bvy(S+h) — [, AW, (inf{|x(0)]:s —h <
o<sds+

S+h<tk<t[Vtk—S+h<tk<t[Vtk—Vtk—)]

t
< avy(S+h) + bv,(S+h) — W,(gy) J A(s)ds » —

B
as t - oo, which contradicts either av;(t) + bv,(t) = 0 if
(i) holds or

avy () +bv, () = —[a|W,(Hz) — [b](pvy (to) +
qV2(to))/q
if (i) holds.

In Case (A), we may assume T_; <s;<T; by
choosing and renumbering if necessary. Then we can
take a sequence {t;} such that s; <t; < T, |x(t;)]| = &,
and |x(t)| > &, fort; <t < T,.

Then pvy(T}) + qva(T;) — (pvi(Ti—1) + qv2(Ti—1))
< pvi () + qv(T) — (pvi (t) + qa(ty))

V) - V)
<t <T;
< _H(Ez)(V1(Ti) - Vl(ti))
< —ulex)Wi (g)/2
and a contradiction follows from
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pv1(T,) + qua(T,)
= an1(T1) + quy(T1)

+ Z[PW(TL‘) +qv(T)
i=2
= (p1(Ti-1)
+ qua(Ti—1))]
) V@ - V@)
Ti—ysty<T;

(n—=D)u(e2)W1(50) o
2

0

< pv1(Ty) + qup(Ty) —
asn— e
In Case (B), we may assume s;_; < T; < s; and take
{t3 with T;<t; <s;, [x(t)l=¢& and |x(t)| >e, for
T; <t <t; sothat
pvi(t) + qua () = (pv1 (tiy) + qua(tiy))
< pvi () + qua(ty) — (pva(TY) + qua(T))

) @) - V&)
T <ty <t;
< pule) (v (t) — vi(T)))
< —u(ex)Wy(e0)/2
This implies a contradiction by the same argument as in
case (A)
Therefore, x(t) — 0 as t - «. The proof is complete.
Theorem 2.
Assume that there exist V;,V, € vy(.) and
W,, Wy, Wy, W, € R such that
a) Wilp(0)| <V (t,¢) < W,|e(0)] where V(t,¢) =
Vi(t, @) + Va(t, 0)
b) V(tk,x+1k(tk,x))—V(tk_,x)SO,kEZ+
c) aV'i(tx)+bV,(tx) <
—A@OW5(inf{|x(s)|;t —h <s < t})
and pV'1(t,x) + qV 5 (t )
<0
Where a? + b% # 0,p? + q*> # 0 and

limg_, f;HA(s)ds = « uniformly in t € R,
A. Suppose that there is a u = u(y) > 0 for each
0 <y < H; such that
pVi(tx) +qV5(tx,)
< —uVi(tx) 3
If |[x(t)| = y. If either (i) a > 0,b = 0 or (ii)
p = 0,q = 0 hold, then the zero solution of (1)
is uniformly asymptotically stable.
B. The same is concluded if (3) is replaced by
pV'i(tx) +qV>
= “V 1(t, xt)
And if either (i)a > 0,b =0 or (ii))p > 0,q = 0 hold
Proof
Uniform Stability can be proven as stability in
Theorem 1.
Set n =48(H,) for a fixed 0 < H, <H; and 3 in the
definition of uniform stability. For given to € Ry, ¢ € C,,
let x(t) = x(t,0,¢) be a solution of (1). Let € >0 be
given and take § = §(¢) > 0 of uniform stability. Define
5 = Wz‘l(WlTw)). Choose a S = S(g) > 0 with
[ As)ds > 2(1alW, (Hy) + [bIW3(H2)) /Wi (81)
For teR, and an integer N=N(¢&)=>1
Nu(6)W1(6)/2 > 2(IpIWz(Hz) + 1qIW3(H2))

with
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Define T =T(e) = N(S + 2h). Suppose, for
contradiction, that ||x,|| = § forty <t < t; +T.

In Case (A), for1 <i < N, thereis a
+i—-1DES+2h)<s;<tg+({—-1(ES+2h)+h+S
With |x(s;)| < 8;.Otherwise |x(t)| = §; on this interval
and, for;=[ty+({—-1)S+2hn)+hty+({—1(S+

2h+h+S, vit=V1(¢xt) and v2e=V2(txt), we have

—2(|a|W,(Hz) + |b|W3(H2))
<avi(tg+ (@ — 1S +2h) + h+S5) + bvy(ty
+({(—-1D(ES +2h)+h+S)
(—avi(to + (i — 1S+ 2h) + h) + bv,(tg +
(-1 +2h) +h)
< — [2OW,(nf{|x(s)|:t —h < s < t})ds
< =Wy (1) JA) < —2(lalWy(Hy) + |bIW3(Hy))
This inequality also holds true as per condition (ii)
a contradiction.

From the suppositon , for 1<i<N, there is a
to+(—1DES+2h)+h+S<T, <ty+i(S+2h)
Such that |x(T;)| = 6. Thus, there is an s; < t; < T; with

|x(t;)| = 8; and |x(t)| > &; for t; < t < T;. We obtain
pvi(to + i(S + 2h)) + qu(to + i(S + 2h))
— (pv1(to + (i = (S + 2h))
+ qu,(to + (i — 1)(S + 2h)))
< pvi(T)) + qua(T) — (pva (&) + qva(ty))
< —u() (1 (T) —vi(t)) < —pu(8)W1(8)/2
And
—2(|pIW,(Hp) + 1qIW;3(Hy)) < pos(to + N(S + 2h)) +
qua(to + N(S + 2h)) — (pv1(to) + q(v2(t))
=XiL1 (i (to + (S +2h)) + quy(to + i(S + 21))) —
(wv1t0+i-185+2h+qv2t0+i—-15+24)
< =Nu(6W1(8)/2 < =2(IpIW,(Hy) + |qIW3(Hy)),
This inequality also holds true as per condition (ii)
a contradiction.
In Case (B), we can take, for 1<i<N, ty+
(—1DRh+S)+h<s; <ty +i(2h+S) with |x(s)| <
61, to+(—1DQRhr+S)<T;<ty+({(—1DRh+S)+
h with |X(Tl)| >4 and Ti <t <s; with |x(tl)| = 61 ,
|x(t)| > 8; for T; < t < t; so that
pvi(to + i(S + 2h)) + qua(to + i(S + 2h))
— (v (to + (i = (S + 2h))
+ qu,(to + (i — 1)(S + 2h)))
< pvy (&) + qua(t) — (i (Ty) + quo(Ty))
< #(51)(U1(ti) % (Ti)) < —u(6)W;(8)/2
This inequality also holds true as per condition (ii)
a contradiction follows from this as in case(A)
Consequently ||x.|| < & for some t, <t <t, + T and
|x(t)| < e fort =ty + T. This completes the proof.
Corollary
If there are V,V, € vy(.) and Wy, W, W3, W, € R
satisfying
a) Wile(0)| < V(t, @) < W,|p(0)]
b) 0<V(t @) <Ws(|lpl]) where V(t,¢) =
Vi(t, ) + Va(t, @)
C) V(tk,x + Ik(tk,x)) - V(tk_,x) <0
d) Vll(t,xt) + Clez(t, xt) <0
e) Vi(tx)+cVo(tx) <
AW, (inf{lx(s);t—h <s <t}
Where ¢y #c¢, either ¢, =0 or
limg_, ftHS A(s)ds = = uniformly int € R,

c; =20 and
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Then the zero solution of (1) is uniformly asymptotically
stable.
Proof

We may assume that c¢; > c,. Then ¢; =0, if
C) = 0

Vit x) +cViy(t,x) <0< -Vt x)
And the conditions of theorem 2(A ii) are satisfied.
If C1 >0

V3t x) + ¢Vt x) < (6 — )V (6 x,)
<Dy

1
Implies uniform stability by Theorem 2(A ii).

Example Consider the impulsive differential equation
x' () = —a@®)f (x(@®) + b(t)g(x(t — b))
x(ty) —x(t, ) = qpx(ty "), k€Z*
Where a:Ry >R, b:R, >R, f,g:R—>R are
continuous, xf(x) >0, for x #0,|gx)| < c|f(x)| for
c>0 and g(x)#0 for x#0, |1+¢ | <1,keZtand
Yi=ll =11+l ==
If [ |b(s)|ds is bounded, a(t) — ac|b(t + h)| = 0
For some a > 1, and for some 1 < B < a, A(t) = a(t) —
Belb(t + k)| + (B — 1)|b(t)] satisfies
t+S

éimf A(s)ds = =

t
Uniformly in t € R,, then the zero solution is uniformly
asymptotically stable.
Proof
Let V=V, +V, where V(t9)=|p(0)],

S, bt + 5 + h)1g(e(s)| ds

VZ (t, ‘P) =

Then V,(t, @) < ftt+h|b(s)|dsW3(||(p||) for some function
W; €R
And Vit x + cpx) = Vi(t ™, x) = (1 + ¢ x| — x| =

[1—11+cllV(t™, %)
Let A\, =1—|1+¢l; then Y_; Ay = «. We check that
for any a > 0, there is a B >0 such that V(t,x,) =a
implies V; (t, x.) = B.
Otherwise we must have liminf,_,.V; (t,x,) = 0
We let V(t) = V; (t, %) + Vo (t, %)
Then V(tk) - V(tk_) =V (tk,X(tk_) + CkX(tk_)) -
Vl(tk_,X(tk_)) <0
Vi (tx) + BV 2 (tx)
< —(a(® — Belb(t + MD|f(x(®)]
— B - DIbOI]g(x(t— )|

IR (CORT(
0<t) <t
< AW, (nf{|x(s)|:t—h <s <t}
If ||x¢]|< H for a fixed 0 < H < « and some function W,.
lfB=1fora=1 Vi(tx) +aV,(tx) <0
Ifg>1 Vilx) +1V,(tx) <0
The conditions of the corollary are satisfied and hence
the zero solution is uniformly asymptotically stable.
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